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This paper focuses on the generalization of covering-based rough set models via the concept of fuzzy covering. Based on
a fuzzy covering of a universe of discourse, two pairs of generalized lower and upper fuzzy rough approximation operators
are constructed by means of an implicator I and a triangular norm T. Basic properties of the generalized fuzzy rough
approximation operators are investigated. Topological properties of the generalized fuzzy rough approximation operators
and characterizations of the fuzzyT-partition by the generalized upper fuzzy rough approximation operators are further
established. When fuzzy coverings are a family of R-foresets or R-aftersets of all elements of a universe of discourse with
respect to a fuzzy binary relation R, the corresponding generalized fuzzy rough approximation operators degenerate into
the fuzzy-neighborhood-oriented fuzzy rough approximation operators. Combining with the fuzzy-neighborhood-opera-
tor-oriented fuzzy rough approximation operators, conditions under which some or all of these approximation operators
are equivalent are subsequently determined.
 2008 Elsevier Inc. All rights reserved.
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operators1. Introduction
The theory of rough sets is proposed by Pawlak [28] as a mathematical method for the analysis of uncertain,
incomplete and vague information. It has had successful applications in artiﬁcial intelligence in general and
pattern recognition, machine learning, and automated knowledge acquisition in particular.
Equivalence relation is a basic notion in Pawlak’s rough set model. All equivalence classes form a partition
of a universe of discourse. Using equivalence classes, an arbitrary subset can be approximated by two subsets,0888-613X/$ - see front matter  2008 Elsevier Inc. All rights reserved.
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a stringent condition that may limit the applicability of Pawlak’s rough set model. Hence, many extensions
have been made in recent years by replacing equivalence relation or partition by notions such as binary rela-
tions [13,34,39], neighborhood systems and Boolean algebras [3,37,40], and coverings of the universe of dis-
course [4,7,29]. Based on the notion of covering, Pomykala [29,30], in particular, obtained two pairs of
dual approximation operators. Yao [40,41] further examined these approximation operators by the concepts
of neighborhood and granularity. Such undertaking has stimulated more research in this area [19,44–47].
On the other hand, generalizations of rough sets to the fuzzy environment have also been made in the lit-
erature [12,16,18,23,27]. By introducing the lower and upper approximations in fuzzy set theory, Dubois and
Prade [11], and Chakrabarty [5] formulated rough fuzzy sets and fuzzy rough sets. Using fuzzy set arguments
and fuzzy logic operators, one can construct a variety of fuzzy rough set models. For examples, fuzzy simi-
larity relations (or fuzzy T-similarity relations) are used in [26,31], general fuzzy binary relations are used
in [24,35,36,38,42], and fuzzy coverings are employed in [10,20] to construct fuzzy rough sets. Alternatively,
fuzzy rough sets can be obtained by extending the basic structure [0,1] to the abstract algebraic structure.
For examples, Radzikowska and Kerre [32] deﬁned L-fuzzy rough sets by the use of residuated lattice, and
Deng [10] constructed a fuzzy rough set by the use of complete lattice. As for the applications of fuzzy rough
sets, many signiﬁcant works have been done in recent years. Jensen and Shen [17] applied fuzzy rough set to
feature selection. Based on an inclusion function of fuzzy sets, Hu et al. [14] constructed a type of generalized
fuzzy rough set model by which a simple and eﬃcient hybrid attribute reduction algorithm was developed.
Mitra [25] integrated fuzzy sets and rough sets into clustering techniques. By introducing a neighborhood
rough set model, Hu et al. [15] established neighborhood classiﬁers for classiﬁcation learning. However,
few literatures are focused on the model analysis of fuzzy rough sets based on fuzzy covering. As a few excep-
tions, De Cock et al. [8] deﬁned fuzzy rough sets based on the R-foresets of all objects in a universe of dis-
course with respect to (w.r.t.) a fuzzy binary relation. When R is a fuzzy serial relation, the family of all R-
foresets forms a fuzzy covering of the universe of discourse. Analogously, Deng [10] examined the issue with
fuzzy relations induced by a fuzzy covering. Li and Ma [20], on the other hand, constructed two pairs of fuzzy
rough approximation operators based on fuzzy coverings, the standard min operator TM , and the Kleene-
Dienes implicator IKD.
It should be noted that fuzzy coverings in the models proposed by Deng [10] and De Cock et al. [8] are
induced from fuzzy relations. So, they are not fuzzy coverings in the general sense. Although fuzzy coverings
are used by Li and Ma [20] in their models, they only employed two special logical operators i.e. the standard
min operator and the Kleene-Dienes implicator. Thus, it is necessary to construct more general fuzzy rough set
models based on fuzzy coverings. The purpose of this paper is to establish a generalized fuzzy rough set model
based directly on the fuzzy covering of a universe of discourse by means of triangular norms and fuzzy impli-
cation operators. Existing fuzzy rough set models become special cases within the proposed framework. Prop-
erties of the proposed fuzzy rough approximations are investigated. Connections between the new and the
existing fuzzy rough approximation operators are also made.
In Section 2, we ﬁrst review some basic knowledge relevant to the present study. Based on the notion of
fuzzy covering, two types of generalized fuzzy rough approximation operators are then proposed in Section
3. In Section 4, properties of the new operators are examined. The links between the proposed generalized
fuzzy rough approximation operators and the classical fuzzy rough approximation operators are established
in Section 5. The paper is then concluded by a summarizing remark in Section 6.
2. Preliminaries
2.1. Fuzzy logic operators
A triangular norm, or t-norm for short, is an increasing, associative and commutative mapping
T : ½0; 1  ½0; 1 ! ½0; 1 that satisﬁes the boundary condition: Tða; 1Þ ¼ a for all a 2 ½0; 1. The commonly
used continuous t-norms are
 the standard min operator: TMða; bÞ ¼ minfa; bg,
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 the bold intersection (also called the Łukasiewicz t-norm): TLða; bÞ ¼ maxf0; aþ b 1g.
An implicator is a mapping I : ½0; 1 ! ½0; 1 with ﬁrst decreasing and second increasing partial mappings,
satisfying Ið0; 0Þ ¼ Ið0; 1Þ ¼ Ið1; 1Þ ¼ 1 and Ið1; 0Þ ¼ 0. The most common implicators are:
 the Łukasiewicz implicator: ILða; bÞ ¼ minð1; 1 aþ bÞ,
 the Kleene-Dienes implicator: IKDða; bÞ ¼ maxð1 a; bÞ,
 the Reichenbach implicator: IRða; bÞ ¼ 1 aþ a  b,
 the Godel implicator: IGða; bÞ ¼ 1 for a 6 b and IGða; bÞ ¼ b elsewhere, and
 the Gaines implicator: Igða; bÞ ¼ 1 for a 6 b and Igða; bÞ ¼ ba elsewhere.
For a left continuous t-norm T, the residual implicator (R-implicator) based on T is deﬁned asITða; bÞ ¼
_
fc 2 ½0; 1 :Tða; cÞ 6 bg; 8a; b 2 ½0; 1; ð1Þwhich is equivalent toc 6 ITða; bÞ ()Tða; cÞ 6 b; 8a; b; c 2 ½0; 1: ð2Þ
Specially, IG, Ig and IL are residual implicators based on TM , TP and TL, respectively.
A negator N is a decreasing mapping on ½0; 1 that satisﬁes Nð1Þ ¼ 0 and Nð0Þ ¼ 1. The negator
NsðaÞ ¼ 1 a is usually referred to as the standard negator. A negator N is called involutive if
NðNðaÞÞ ¼ a for all a 2 ½0; 1. For an implicator I, the mapping deﬁned byNIðaÞ ¼ Iða; 0Þða 2 ½0; 1Þ is
a negator, and it is called the negator induced by I. If I is the R-implicator based on t-norm T, then the
negator induced by I is denoted by NT. The subscripts of NI, NT and Ns are omitted without any
confusion.
The next Lemma summarizes the basic properties of the residual implicators (see, for example [1,22]).
Lemma 2.1. Let T be a continuous t-norm, I the R-implicator based on T, andN ¼NT. The following are
true for any a; b; c 2 ½0; 1 and each index I with ðaiÞi2I ; ðbiÞi2I  ½0; 1:
(1) Tða; 0Þ ¼ 0;Tða; bÞ 6 a,
(2) Tða;Iða; bÞÞ 6 b; b 6 Iða;Tða; bÞÞ; a 6 IðIða; bÞ; bÞ,
(3) a 6 b iff Iða; bÞ ¼ 1,
(4) Ið1; aÞ ¼ a,
(5) IðTða; bÞ; cÞ ¼ Iða;Iðb; cÞÞ,
(6) a 6NðNðaÞÞ,
(7) NðWi2I aiÞ ¼ Vi2INðaiÞ,
(8) Tða;Wi2I biÞ ¼ Wi2ITða; biÞ,
(9) Iða;Vi2I biÞ ¼ Vi2IIða; biÞ,
(10) IðWi2I ai; bÞ ¼ Vi2IIðai; bÞ,
(11)
W
i2IIðai; bÞ 6 Ið
V
i2Iai; bÞ,
(12)
W
i2IIðai; biÞ 6 Ið
V
i2I ai;
W
i2IbiÞ,
(13)
W
i2ITðai; aiÞ ¼Tð
W
i2Iai;
W
i2IaiÞ.2.2. Fuzzy sets, fuzzy coverings and fuzzy relations
Let U be a non-empty universe of discourse. A fuzzy set in U is a mapping A : U ! ½0; 1. The power sets of
all ordinary subsets and all fuzzy sets are denoted by PðUÞ and FðUÞ respectively. Zadeh’s fuzzy union and
fuzzy intersection are denoted by [ and \ respectively. The symbol coN is employed to denote fuzzy comple-
ment determined by a negator N, i.e. for every A 2FðUÞ and every x 2 U , ðcoNðAÞÞðxÞ ¼NðAðxÞÞ. The
fuzzy complement determined by the standard negator Ns is just Zadeh’s fuzzy complement denoted as .
In what follows, 1x denotes the fuzzy singleton with value 1 at x and 0 elsewhere, 1M denotes the characteristic
function of a set M  X , and for any a 2 ½0; 1, a^ denotes the constant fuzzy set: a^ðxÞ ¼ a, for all x 2 U .
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fuzzy covering of U means a family of fuzzy sets in U with U being the union of its elements. A strong fuzzy
covering C of U means that C is a fuzzy covering, and for any x 2 U , there exist C 2 C such that CðxÞ ¼ 1. If
each fuzzy set C in fuzzy covering C is normalized, i.e. CðxÞ ¼ 1 for at least one x 2 U , then C is said to be
normalized.
Deﬁnition 2.2. Let U and W be two non-empty universes of discourse. A subset R 2FðU  W Þ is called a
fuzzy relation from U to W. For any x 2 U , the fuzzy set xR in W is called the R-afterset of x w.r.t. R deﬁned
by ðxRÞðyÞ ¼ Rðx; yÞ for all y 2 W [33]. For any y 2 W , the fuzzy set Ry in U is called the R-foreset of y w.r.t. R
deﬁned by ðRyÞðxÞ ¼ Rðx; yÞ for all x 2 U [8]. R is serial if for all x 2 U , there exists a y 2 W such that
Rðx; yÞ ¼ 1. R is inverse serial if for all y 2 W , there exists an x 2 U such that Rðx; yÞ ¼ 1. If U ¼ W , R is called
a fuzzy relation on U. R is reflexive if for all x 2 U , Rðx; xÞ ¼ 1. R is symmetric if for any x; y 2 U ,
Rðx; yÞ ¼ Rðy; xÞ. R is T-transitive w.r.t. a t-norm T if for any x; y; z 2 U , TðRðx; zÞ;Rðz; yÞÞ 6 Rðx; yÞ.
If a fuzzy relation R on U is reﬂexive and symmetric, then R is called a fuzzy tolerance relation. If a fuzzy
relation R is reﬂexive and T-transitive, then R is called a fuzzy T-preordering [2]. A symmetric fuzzy
T-preordering relation R is called a fuzzy T-similarity relation [26].
For a fuzzy relation R from U to W, its inverse relation R1 is a fuzzy relation from W to U, and
R1ðy; xÞ ¼ Rðx; yÞ for any x 2 U ; y 2 W .
Lemma 2.3 [43]. If R is a fuzzy T-similarity relation on U, then for any x; y 2 U ,_
z2U
TðRðx; zÞ; Rðz; yÞÞ ¼ Rðx; yÞ: ð3ÞRemark 2.1. Let I be the R-implicator induced byT. By Eq. (2), it is easy to check the equivalence between
Eq. (3) and the following:^
z2U
IðRðz; xÞ; Rðz; yÞÞ ¼ Rðx; yÞ: ð4ÞDeﬁnition 2.4 [26]. A fuzzy T-partition of U is a family P of fuzzy sets in U which satisﬁes the following
conditions:
(P1) Every p 2 P is normalized.
(P2) For every x 2 U there is exactly one p 2 P with pðxÞ ¼ 1.
(P3) If p; q 2 P are such that pðxÞ ¼ qðyÞ ¼ 1 ðx; y 2 UÞ, thenpðyÞ ¼ qðxÞ ¼
_
z2U
TðpðzÞ; qðzÞÞ: ð5ÞThe unique fuzzy set in P with value 1 at x 2 U is denoted by ½xP , or simply by ½x.
Remark 2.2. Indeed, Eq. (5) is equivalent topðyÞ ¼ qðxÞ ¼
^
z2U
ITðpðzÞ; qðzÞÞ: ð6ÞThe equivalence can be deduced as follows:pðyÞ ¼
^
z2U
IðpðzÞ; qðzÞÞ
() pðyÞ 6 IðpðzÞ; qðzÞÞ
()TðpðyÞ; pðzÞÞ 6 qðzÞ
()TðqðxÞ; rðxÞÞ 6 qðzÞ ðrðzÞ ¼ 1Þ
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_
x2U
TðqðxÞ; rðxÞÞ 6 qðzÞ
()
_
x2U
TðqðxÞ; rðxÞÞ ¼ qðzÞ ðby TðqðzÞ; rðzÞÞ ¼ qðzÞÞ
() pðyÞ ¼
_
z2U
TðpðzÞ; qðzÞÞ:There is a canonical one-to-one correspondence between fuzzy T-similarity relations and fuzzy
T-partitions. Given a fuzzy T-similarity relation R, PR ¼ fxR : x 2 Ug is a fuzzy T-partition. Conversely,
for any fuzzy T-partition P, let RP ðx; yÞ ¼
W
z2UTð½xP ðzÞ; ½yP ðzÞÞ ðx; y 2 UÞ, then RP is a fuzzy T-similarity
relation on U. Furthermore, for any fuzzy T-similarity relation R and fuzzy T-partition P on U, R ¼ RPR
and P ¼ PRP hold.2.3. Fuzzy topologies and fuzzy topology operators
In this subsection, we introduce fuzzy topologies and fuzzy interior operators [6,21].
Deﬁnition 2.5. s FðUÞ is a fuzzy topology on U if it satisﬁes the following conditions:
(T1) a^ 2 s for all a 2 ½0; 1.
(T2) A \ B 2 s for any A;B 2 s.
(T3)
S
i2IAi 2 s for any ðAiÞi2I  s.
If s satisﬁes (T2), (T3) and the following (T1)0, then it is called a fuzzy quasi-topology, ðT1Þ0;; U 2 s.
Deﬁnition 2.6. An operator i :FðUÞ !FðUÞ is a fuzzy interior operator if it satisﬁes the following conditions
(I1)–(I4). An operator c :FðUÞ !FðUÞ is a fuzzy closure operator if it satisﬁes the following conditions
(C1)–(C4). 8A;B 2FðUÞ; a 2 ½0; 1,
ðI1Þ0 i(U) = U.
ðI1Þ iða^Þ ¼ a^.
ðI2Þ iðAÞ  A.
ðI3Þ iðiðAÞÞ ¼ iðAÞ.
(I4) iðA \ BÞ ¼ iðAÞ \ iðBÞ.0ðC1Þ cð;Þ ¼ ;.
ðC1Þ cða^Þ ¼ a^.
(C2) A  cðAÞ.
(C3) cðcðAÞÞ ¼ cðAÞ.
(C4) cðA [ BÞ ¼ cðAÞ [ cðBÞ.If i satisﬁes (I2)–(I4) and (I1)0, then i is called a fuzzy quasi-interior operator. If c satisﬁes (C2)–(C4) and
(C1)0, then c is called a fuzzy quasi-closure operator.
For a fuzzy topology (or fuzzy quasi-topology) s, the fuzzy operator is, deﬁned by isðAÞ ¼ [fO 2 s :
O  Ag; 8A 2FðUÞ, is a fuzzy interior operator (or fuzzy quasi-interior operator) generated by s. On the other
hand, given a fuzzy interior operator (or fuzzy quasi-interior operator) i, denote the set of all of its ﬁxed points
as si (i.e. si ¼ fA 2FðUÞ : sðAÞ ¼ Ag), then si is a fuzzy topology (or fuzzy quasi-topology) w.r.t. i. Conse-
quently, we have s ¼ sis and i ¼ isi .
3. Fuzzy rough approximation operators based on fuzzy coverings
In this section, we ﬁrst review relevant fuzzy rough approximation operators based on fuzzy relations. We
then give a deﬁnition of generalized fuzzy rough approximation operators based on fuzzy coverings.
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Using the Kleene-Dienes implicator IKD on the basis of fuzzy similarity relation, Dubois and Prade ﬁrst
deﬁned fuzzy rough sets [11,12], and subsequently discussed rough approximations of fuzzy sets. Various def-
initions of fuzzy rough sets with reference to diﬀerent fuzzy logical operators and binary relations have then
been given in the literature. Models based on (i) aT-similarity relation using a t-norm and its residual impli-
cator [26], (ii) three classes of implicators [31], (iii) an arbitrary binary relation using the Kleene-Dienes impli-
cator IKD [36,38], (iv) a t-norm and its residual implicator [24,33], and (v) t-norm and S-implicator and R-
implicator [35] are typical examples. In particular, by means of constructive and axiomatic approaches, Yeung
et al. systematically discussed the generalization of fuzzy rough sets [42]. With respect to four fuzzy rough
approximation operators proposed, the relations among them, and between them and special fuzzy relations
were examined. In the axiomatic approach, the diﬀerent sets of axioms characterizing diﬀerent classes of
approximation operators were given. The lattice and topological structures of the operators were also pro-
posed. As a substantiation, we review Wu’s deﬁnition [35] as follows:
Let U and W be two non-empty universes of discourse and R a fuzzy relation from U to W. The triple
ðU ;W ;RÞ is called a fuzzy approximation space. When R is a fuzzy relation on U, we call ðU ;RÞ a fuzzy
approximation space. Let T and I be a continuous t-norm and an implicator on ½0; 1 respectively. For
any A 2FðW Þ, its I-lower and T-upper fuzzy rough approximations, denoted as RIðAÞ and RTðAÞ respec-
tively, are two fuzzy sets of U deﬁned byRIðAÞðxÞ ¼
^
y2W
IðRðx; yÞ;AðyÞÞ; 8x 2 U : ð7Þ
RTðAÞðxÞ ¼
_
y2W
TðRðx; yÞ;AðyÞÞ; 8x 2 U : ð8ÞFor any A 2FðW Þ, ðRIðAÞ;RTðAÞÞ is called the ðI;TÞ-fuzzy rough set of A on ðU ;W ;RÞ. The operators RI
and RT from FðW Þ to FðUÞ are, respectively, called I-lower and T-upper fuzzy rough approximation oper-
ators on ðU ;W ;RÞ, and are simply denoted without ambiguity as R and R.
The approximation operators deﬁned by Eqs. (7) and (8) are perhaps one of the most generalized fuzzy
rough approximation constructed on the basis of fuzzy relations. It can be observed that RI and RT coincide
with that in: (i) [26] when R is a T-similarity relation, and I its residuation implicator, (ii) [31] when R is a
T-similarity relation, and I a S-implicator, R-implicator or QL-implicator, (iii) [33] when R is an arbitrary
fuzzy relation on U, and I an R-implicator, and (iv) [38] when R is an arbitrary fuzzy relation from U to W,
and T ¼ min and I ¼ IKD.
From deﬁnitions in Eqs. (7) and (8), for any x 2 U , the membership degrees of x to the lower and upper
fuzzy rough approximations of a fuzzy set A are computed by the R-afterset of x w.r.t. the fuzzy relation
R. Thus, we call the operators deﬁned by Eqs. (7) and (8) the fuzzy-neighborhood-operator-oriented fuzzy rough
approximation operators.
3.2. Fuzzy rough approximation operators based on fuzzy coverings
The study of fuzzy rough sets based on fuzzy coverings has been scanty. Models constructed by a fuzzy
relation on a universe of discourse have been a common result obtained in a few attempts [8,10].
Let R be a fuzzy relation on a universe of discourse U. By a t-normT and an implicator I, De Cock et al.
[8] deﬁned two pairs of fuzzy rough approximation operators in ðU ;RÞ : ðR "#;R #"Þ and ðR ##;R ""Þ. For any
A 2FðUÞ; x 2 U ,R "# ðAÞðxÞ ¼
_
y2U
T ðRyÞðxÞ;
^
z2U
IððRyÞðzÞ;AðzÞÞ
 !
; ð9Þ
R #" ðAÞðxÞ ¼
^
y2U
I ðRyÞðxÞ;
_
z2U
TððRyÞðzÞ;AðzÞÞ
 !
; ð10Þ
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^
y2U
I ðRyÞðxÞ;
^
z2U
IððRyÞðzÞ;AðzÞÞ
 !
; ð11Þ
R "" ðAÞðxÞ ¼
_
y2U
T ðRyÞðxÞ;
_
z2U
TððRyÞðzÞ;AðzÞÞ
 !
: ð12ÞWe can see that these approximation operators are determined by the 1-fuzzy neighborhood system
fRy : y 2 W g. Thus, we call them fuzzy-neighborhood-oriented fuzzy rough approximation operators. When a
fuzzy relation R is degenerated into a crisp relation, the 1-fuzzy neighborhood system fRy : y 2 W g turns
out to be the crisp neighborhood system fRpðyÞ : y 2 W g, where RpðyÞ ¼ fx 2 U : ðx; yÞ 2 Rg is the predecessor
neighborhood of y w.r.t. the crisp relation R, and the approximation operators deﬁned by Eqs. (9)–(12) degen-
erate into the neighborhood-oriented rough approximation operators [40]. Speciﬁcally,R "#¼ apr0Rp ; R #"¼ apr0Rp ; R ##¼ apr00Rp ; R ""¼ apr00Rp :
On the other hand, when fuzzy relation R is serial, the fuzzy 1-neighborhood system fRy : y 2 Ug is a fuzzy
covering of U. Here, R "# and R #", as well as R ## and R "" can be viewed as fuzzy rough approximation
operators based on fuzzy covering. Using complete lattice-based adjunction theory, Deng et al. [10] general-
ized R "# and R #" in such a way that the relation R is induced from a fuzzy covering. It should be noted that
in the above deﬁnition of the approximation operators, a fuzzy binary relation cannot be omitted, and the
followings hold:R "#¼ R 	 R1; R #"¼ R 	 R1; R ##¼ R 	 R1; R ""¼ R 	 R1:
However, the problem of such formulation is that for arbitrary fuzzy covering C of U, there may not be a
serial fuzzy relation R on U so that the family of R-foresets (or R-aftersets) of all elements of U 0 w.r.t. R
is just the fuzzy covering C. For example, let U 0 ¼ fa; bg, C1 ¼ fða; 0:3Þ; ðb; 0:8Þg, C2 ¼ fða; 1Þ; ðb; 0:5Þg
and C3 ¼ fða; 0:6Þ; ðb; 1Þg. Then C0 ¼ fC1;C2;C3g is a fuzzy covering of U. Since for any fuzzy binary relation
on U 0, its all R-foresets (or R-aftersets) consist of two fuzzy sets in U 0 at most, the fuzzy covering C0 is not a
family of R-foresets (or R-aftersets) of some fuzzy binary relations on U 0. Thus, the operators deﬁned by Eqs.
(9)–(12) and by Deng do not directly come from a fuzzy covering. To solve this problem, we can replace the R-
foresets in Eqs. (9)–(12) by the elements of a family of fuzzy sets in U to obtain the following more general
deﬁnitions:
Let U be a non-empty universe of discourse, and C a fuzzy covering of U. Then ðU ;CÞ is called a general-
ized fuzzy approximation space. Let T and I be a t-norm and an implicator on ½0; 1 respectively. We deﬁne
two pairs of approximation operators as follows: 8A 2FðUÞ; x 2 U ,C0FRðAÞðxÞ ¼
_
C2C
T CðxÞ;
^
y2U
IðCðyÞ;AðyÞÞ
 !
; ð13Þ
C0FRðAÞðxÞ ¼
^
C2C
I CðxÞ;
_
y2U
TðCðyÞ;AðyÞÞ
 !
; ð14Þ
C00FRðAÞðxÞ ¼
^
C2C
I CðxÞ;
^
y2U
IðCðyÞ;AðyÞÞ
 !
; ð15Þ
C00FRðAÞðxÞ ¼
_
C2C
T CðxÞ;
_
y2U
TðCðyÞ;AðyÞÞ
 !
: ð16ÞThe fuzzy sets C0FRðAÞ, C0FRðAÞ, C00FRðAÞ and C00FRðAÞ are called the generalized TI-lower, IT-upper,
II-lower and TT-upper fuzzy rough approximations of A on ðU ;CÞ respectively. The operators C0FR, C0FR,
C00FR and C
00
FR on FðUÞ are called the generalized TI-lower, IT-upper, II-lower and TT-upper fuzzy
rough approximation operators on ðU ;CÞ, respectively.
Table 1
A fuzzy formal context
R a b c Class
x1 0.6 1 0 0
x2 0.9 0.5 1 0.7
x3 1 0.2 0.7 1
T.-J. Li et al. / Internat. J. Approx. Reason. 48 (2008) 836–856 843Example 3.1. A triple ðU ;A;RÞ is called a fuzzy formal context, where U and A are two sets called object set
and attribute set, respectively, and R 2FðU  AÞ is a fuzzy relation between U and A. Table 1 shows an
instance of fuzzy formal contexts with U ¼ fx1; x2; x3g and A ¼ fa; b; cg.
Then the family CR of R-foresets forms a fuzzy covering of U,CR ¼ ffðx1; 0:6Þ; ðx2; 0:9Þ; ðx3; 1Þg; fðx1; 1Þ; ðx2; 0:5Þ; ðx3; 0:2Þg; fðx1; 0Þ; ðx2; 1Þ; ðx3; 0:7Þgg:Thus ðU ;CRÞ is a generalized fuzzy approximation space. If we take t-norm and R-implicator as the Łukas-
iewicz t-norm (TLða; bÞ ¼ maxf0; aþ b 1g) and the Łukasiewicz implicator (ILða; bÞ ¼ minð1; 1 aþ bÞ),
respectively, then for the fuzzy set class ¼ fðx1; 0Þ; ðx2; 0:7Þ; ðx3; 1Þg, we can computeC0RFRðclassÞ ¼ fðx1; 0Þ; ðx2; 0:7Þ; ðx3; 0:4Þg; C0RFRðclassÞ ¼ fðx1; 0:2Þ; ðx2; 0:7Þ; ðx3; 1Þg;
C00RFRðclassÞ ¼ fðx1; 0Þ; ðx2; 0:5Þ; ðx3; 0:4Þg; C00RFRðclassÞ ¼ fðx1; 0:6Þ; ðx2; 0:9Þ; ðx3; 1Þg:It is easy to verify that if C is the collection of R-foresets of all elements of U w.r.t. a fuzzy relation R on U,
then the four approximations deﬁned in Eqs. (13)–(16) coincide with those deﬁned in Eqs. (9)–(12), respec-
tively. Therefore, the new operators C0FR, C
0
FR, C
00
FR and C
00
FR are a generalization of R "#, R #", R ## and
R "", respectively. In what follows, we will replace the family of R-foresets with the family of R-aftersets in
Eqs. (9)–(12), and denote the derived operators by CR
0, CR0, CR0 and CR00, respectively. That is, for any
A 2FðUÞ; x 2 U ,CR
0ðAÞðxÞ ¼
_
y2U
T Rðy; xÞ;
^
z2U
IðRðy; zÞ;AðzÞÞ
 !
;
CR
0ðAÞðxÞ ¼
^
y2U
I Rðy; xÞ;
_
z2U
TðRðy; zÞ;AðzÞÞ
 !
;
CR
00ðAÞðxÞ ¼
^
y2U
I Rðy; xÞ;
^
z2U
IðRðy; zÞ;AðzÞÞ
 !
;
CR
00ðAÞðxÞ ¼
_
y2U
T Rðy; xÞ;
_
z2U
TðRðy; zÞ;AðzÞÞ
 !
:Without further notiﬁcation, we suppose that C is the fuzzy covering on U,T a continuous t-norm, and I
an R-implicator based on T.
4. Properties of the generalized fuzzy rough approximation operators
In this section, we discuss the properties of two types of generalized fuzzy rough approximation operators.
4.1. Properties of the TI-lower and IT-upper fuzzy rough approximation operators
The following theorem gives the basic properties of C0FR and C
0
FR:
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0
FR, the following properties hold:
(1) C0FRðUÞ ¼ C0FRðUÞ ¼ U , C0FRð;Þ ¼ C0FRð;Þ ¼ ;.
(2) If the fuzzy covering C is normalized, then for any a 2 ½0; 1, C0FRða^Þ ¼ C0FRða^Þ ¼ a^.
(3) For any D  C, C0FRð[DÞ ¼ [D ð[D ¼ [fC : C 2 DgÞ.
(4) For any A;B 2FðUÞ, A  B) C0FRðAÞ  C0FRðBÞ and C0FRðAÞ  C0FRðBÞ.
(5) For all A 2FðUÞ, C0FRðAÞ  A and A  C0FRðAÞ.
(6) For any A 2FðUÞ, C0FRðC0FRðAÞÞ ¼ C0FRðAÞ and C0FRðC0FRðAÞÞ ¼ C0FRðAÞ.
(7) For any x; y 2 U , C0FRð1xÞðyÞ ¼
V
C2CIðCðyÞ;CðxÞÞ.Proof. (1), (2), (4) and (7) can be proved directly. We only give the proofs of (3), (5) and (6).
(3) For any D  C; x 2 U ,C0FRð[DÞðxÞ ¼
_
C2C
T CðxÞ;
^
y2U
IðCðyÞ; ð[DÞðyÞÞ
 !
P
_
C2D
T CðxÞ;
^
y2U
IðCðyÞ; ð[DÞðyÞÞ
 !
¼
_
C2D
TðCðxÞ; 1Þ ¼T
_
C2D
CðxÞ; 1
 !
¼ ð[DÞðxÞ:Thus, [D  C0FRð[DÞ. Combining with (5), we can conclude that C0FRð[DÞ ¼ [D for all D  C.
(5) It follows from the following deduction:
For any A 2FðUÞ; x 2 U ,C0FRðAÞðxÞ ¼
_
C2C
T CðxÞ;
^
y2U
IðCðyÞ;AðyÞÞ
 !
6
_
C2C
T CðxÞ;IðCðxÞ;AðxÞÞð Þ
6 AðxÞ; ðby Lemma 2:1 ð2ÞÞ
C0FRðAÞðxÞ ¼
^
C2C
I CðxÞ;
_
y2U
TðCðyÞ;AðyÞÞ
 !
P
^
C2C
I CðxÞ;TðCðxÞ;AðxÞÞð Þ
P AðxÞ: ðby Lemma 2:1 ð2ÞÞ
(6) For any A 2FðUÞ; x 2 U ,C0FRðC0FRðAÞÞðxÞ ¼
_
C2C
T CðxÞ;
^
y2U
IðCðyÞ;C0FRðAÞðyÞÞ
 !
¼
_
C2C
T CðxÞ;
^
y2U
I CðyÞ;
_
C02C
T C0ðyÞ;
^
z2U
IðC0ðzÞ;AðzÞÞ
 ! ! !
P
_
C2C
T CðxÞ;
^
y2U
I CðyÞ;T CðyÞ;
^
z2U
IðCðzÞ;AðzÞÞ
 ! ! !
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_
C2C
T CðxÞ;
^
y2U
^
z2U
IðCðzÞ;AðzÞÞ
 !
ðby Lemma 2:1 ð2ÞÞ
¼
_
C2C
TðCðxÞ;
^
z2U
IðCðzÞ;AðzÞÞÞ
¼ C0FRðAÞðxÞ:
ThusC0FRðAÞ  C0FRðC0FRðAÞÞ:
Again by (5), we haveC0FRðC0FRðAÞÞ ¼ C0FRðAÞ:
The other equation can be analogously proved. h
Remark 4.1. If we denote the set of all ﬁxed points of C0FR (i.e. a fuzzy set X in U with C
0
FRðX Þ ¼ X ) as
FP ðC0FRÞ, then by Theorem 4.1 (3),
C  f[D : D  Cg  FPðC0FRÞ:By Theorem 4.1 (6), FP ðC0FRÞ can also be represented asFPðC0FRÞ ¼ fC0FRðAÞ : A 2FðUÞg: ð17Þ
On the other hand, C0FR and C
0
FR may not in general satisfy the following properties:C0FRðA \ BÞ ¼ C0FRðAÞ \ C0FRðBÞ; ð18Þ
C0FRðA [ BÞ ¼ C0FRðAÞ [ C0FRðBÞ: ð19ÞExample 4.1. Let U ¼ fa; b; cg and C ¼ ffða; 0:3Þ; ðb; 1Þ; ðc; 0:6Þg; fða; 1Þ; ðb; 0:2Þ; ðc; 1Þgg. Then ðU ;CÞ is a
generalized fuzzy approximation space. Taking A ¼ fða; 0:3Þ; ðb; 0:4Þ; ðc; 0:4Þg and B ¼ fða; 0:4Þ; ðb; 0:2Þ;
ðc; 0:4Þg, by Eq. (13) we can obtainC0FRðAÞ ¼ fða; 0:3Þ; ðb; 0:4Þ; ðc; 0:4Þg; C0FRðBÞ ¼ fða; 0:4Þ; ðb; 0:2Þ; ðc; 0:4Þg;
C0FRðA \ BÞ ¼ fða; 0:3Þ; ðb; 0:2Þ; ðc; 0:3Þg:ThusC0FRðAÞ \ C0FRðBÞ ¼ fða; 0:3Þ; ðb; 0:2Þ; ðc; 0:4Þg 6¼ C0FRðA \ BÞ:
On the other hand, consider C ¼ fða; 0Þ; ðb; 0Þ; ðc; 0:6Þg and D ¼ fða; 0:7Þ; ðb; 0Þ; ðc; 0Þg. From Eq. (14), we
haveC0FRðCÞ ¼ fða; 0:6Þ; ðb; 0:6Þ; ðc; 0:6Þg; C0FRðDÞ ¼ fða; 0:7Þ; ðb; 0:3Þ; ðc; 0:3Þg;
C0FRðC [ DÞ ¼ fða; 0:7Þ; ðb; 0:6Þ; ðc; 0:7Þg:ThusC0FRðCÞ \ C0FRðDÞ ¼ fða; 0:7Þ; ðb; 0:6Þ; ðc; 0:6Þg 6¼ C0FRðC \ DÞ:Theorem 4.2. Eq. (18) holds if and only if the family FP ðC0FRÞ is a fuzzy quasi-topology on U.
Proof. ()) Assume that Eq. (18) holds. Then, by [9, Part I of Theorem 1], Theorem 4.1 (1) and (6), FP ðC0FRÞ is
a fuzzy quasi-topology on U.
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C0FRðA \ BÞ  C0FRðAÞ \ C0FRðBÞ. From Theorem 4.1 (5), we have C0FRðAÞ \ C0FRðBÞ  A \ B. Again by
Theorem 4.1 (4), C0FRðC0FRðAÞ \ C0FRðBÞÞ  C0FRðA \ BÞ. Since FP ðC0FRÞ is a fuzzy quasi-topology, by Eq. (17)
we have C0FRðAÞ \ C0FRðBÞ 2 FP ðC0FRÞ. So C0FRðC0FRðAÞ \ C0FRðBÞÞ ¼ C0FRðAÞ \ C0FRðBÞ. Then C0FRðAÞ\
C0FRðBÞ  C0FRðA \ BÞ. Combining C0FRðA \ BÞ  C0FRðAÞ \ C0FRðBÞ, we can conclude that C0FRðA \ BÞ ¼
C0FRðAÞ \ C0FRðBÞ for any A;B 2FðUÞ. That is, Eq. (18) holds for C0FR. h
Remark 4.2. By [9, Theorem 1], we know that if C0FR satisﬁes Eq. (18) then C
0
FR is a fuzzy quasi-interior oper-
ator, andC0FRðAÞ ¼ [fC 2 FPðC0FRÞ : C  Ag 8A 2FðUÞ:
If C is a normalized fuzzy covering on U, then FP ðC0FRÞ is a fuzzy topology on U, and C0FR is a fuzzy interior
operator.
Along the above line of reasoning, we can get the following theorem:
Theorem 4.3. Eq. (19) holds if and only if the family s0 ¼ f C0FRðAÞ : A 2FðUÞg is a fuzzy quasi-topology on
U.
Remark 4.3. Similarly, by [9, Theorem 1], we also know that if C0FR satisﬁes Eq. (19) then C
0
FR is a fuzzy quasi-
closure operator, andC0FRðAÞ ¼ \fC 2 FPðC0FRÞ : A  Cg; 8A 2FðUÞ;
where FP ðC0FRÞ denotes the set of all ﬁxed points of C0FR. If C is a normalized fuzzy covering on U, Eq. (19)
implies that s0 is a fuzzy topology on U, and C0FR a fuzzy closure operator.
A fuzzy T-partition of a universe of discourse is a special kind of fuzzy covering. We give a characteriza-
tion of the fuzzyT-partition by means of the generalizedIT-upper fuzzy rough approximation operator C0FR
in the next theorem.
Theorem 4.4. Let ðU ;CÞ be a generalized fuzzy approximation space. Then C is a fuzzyT-partition of U if and
only if fC0FRð1xÞ : x 2 Ug ¼ C.
Proof. ()) Assume that C is a fuzzy T-partition of U. For every x 2 U , there is exactly one Cx 2 C with
CxðxÞ ¼ 1. We can assert that C0FRð1xÞ ¼ Cx. Indeed, for any y 2 U , let Cy 2 C with CyðyÞ ¼ 1, by Deﬁnition
2.4 and Eq. (6), we haveC0FRð1xÞðyÞ ¼
^
C2C
I CðyÞ;
_
z2U
TðCðzÞ; 1xðzÞÞ
 !
¼
^
C2C
IðCðyÞ;CðxÞÞ ¼
^
C2C
^
z2DC
IðCyðzÞ;CxðzÞÞ
¼
^
z2U
IðCyðzÞ;CxðzÞÞ ¼ CxðyÞ;where DC ¼ fx 2 U : CðxÞ ¼ 1g;C 2 C, and ðDCÞC2C is a crisp partition of U. Thus C0FRð1xÞ ¼ Cx. Since C is a
fuzzy T-partition and C0FRð1xÞðxÞ ¼ 1 for all x 2 U , we can conclude that fC0FRð1xÞ : x 2 Ug ¼ C.
(() Suppose fC0FRð1xÞ : x 2 Ug ¼ C. Let Rðx; yÞ ¼ C0FRð1xÞðyÞ for any x; y 2 U . Then R is a fuzzy binary
relation on U. In order to prove that C is a fuzzy T-partition, it is suﬃcient to prove that R is a fuzzy
T-similarity relation.
The reﬂexivity of R follows from C0FRð1xÞðxÞ ¼ 1 for all x 2 U . For any x; y 2 U , by the supposition and
Theorem 4.1 (7), we haveRðx; yÞ ¼ C0FRð1xÞðyÞ ¼
^
C2C
IðCðyÞ;CðxÞÞ ¼
^
z2U
IðC0FRð1zÞðyÞ;C0FRð1zÞðxÞÞ 6 IðC0FRð1yÞðyÞ;C0FRð1yÞðxÞÞ
¼ Ið1;C0FRð1yÞðxÞÞ ¼ C0FRð1yÞðxÞ ¼ Rðy; xÞ;
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i.e. R is symmetric. For all x; y; z 2 U ,Rðx; zÞ ¼ C0FRð1xÞðzÞ ¼
^
C2C
IðCðzÞ;CðxÞÞ
¼
^
t2U
IðC0FRð1tÞðzÞ;C0FRð1tÞðxÞÞ ðby the suppositionÞ
6 IðC0FRð1yÞðzÞ;C0FRð1yÞðxÞÞ ¼ IðRðy; zÞ;Rðy; xÞÞ
¼ IðRðz; yÞ;Rðx; yÞÞ ðby the symmetry of RÞi.e. Rðx; zÞ 6 IðRðz; yÞ;Rðx; yÞÞ, which is equivalent to TðRðx; zÞ;Rðz; yÞÞ 6 Rðx; yÞ. In terms of Deﬁnition 2.2,
R is T-transitive. Subsequently, we can conclude that R is a fuzzy T-similarity relation on U. h4.2. Properties of the II-lower and TT-upper fuzzy rough approximation operators
Let ðU ;CÞ be a generalized fuzzy approximation space. From the fuzzy covering C, we can deﬁne a fuzzy
tolerance relation (i.e. it satisﬁes reﬂexivity and symmetry) on U:RCðx; yÞ ¼
_
C2C
TðCðxÞ;CðyÞÞ; 8x; y 2 U : ð20ÞFurthermore, we have the following result:
Theorem 4.5. Let (U, C) be a generalized fuzzy approximation space. ThenC00FR ¼ RC; C00FR ¼ RC:Proof. 8A 2FðUÞ; x 2 U ,C00FRðAÞðxÞ ¼
^
C2C
I CðxÞ;
^
y2U
IðCðyÞ;AðyÞÞ
 !
¼
^
C2C
^
y2U
IðCðxÞ;IðCðyÞ;AðyÞÞÞ ðby Lemma 2:1 ð9ÞÞ
¼
^
y2U
^
C2C
IðTðCðxÞ;CðyÞÞ;AðyÞÞ ðby Lemma 2:1 ð5ÞÞ
¼
^
y2U
I
_
C2C
TðCðxÞ;CðyÞÞ;AðyÞ
 !
ðby Lemma 2:1 ð10ÞÞ
¼
^
y2U
IðRCðx; yÞ;AðyÞÞ ðby Eq: ð20ÞÞ
¼ RCðAÞðxÞ:
Thus, C00FRðAÞ ¼ RCðAÞ for all A 2FðUÞ.C00FRðAÞðxÞ ¼
_
C2C
T CðxÞ;
_
y2U
TðCðyÞ;AðyÞÞ
 !
¼
_
C2C
_
y2U
TðCðxÞ;TðCðyÞ;AðyÞÞÞ ðby Lemma 2:1 ð8ÞÞ
¼
_
y2U
_
C2C
TðTðCðxÞ;CðyÞÞ;AðyÞÞ ¼
_
y2U
T
_
C2C
TðCðxÞ;CðyÞÞ;AðyÞ
 !
ðby Lemma 2:1 ð8ÞÞ
¼
_
y2U
TðRCðx; yÞ;AðyÞÞ ðby Eq: ð20ÞÞ ¼ RCðAÞðxÞ:Therefore, C00FRðAÞ ¼ RCðAÞ for all A 2FðUÞ. h
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operators are the fuzzy-neighborhood-operator-oriented fuzzy rough approximation operators.
Theorem 4.6. The operators C00FR and C
00
FR satisfy the following properties:
(1) C00FRðUÞ ¼ C00FRðUÞ ¼ U , C00FRð;Þ ¼ C00FRð;Þ ¼ ;.
(2) For any a 2 ½0; 1, C00FRða^Þ ¼ C00FRða^Þ ¼ a^.
(3) For any A;B 2FðUÞ, A  B ) C00FRðAÞ  C00FRðBÞ, C00FRðAÞ  C00FRðBÞ.
(4) For any ðAiÞi2I FðUÞ, C00FRð
T
i2IAiÞ ¼
T
i2IC
00
FRðAiÞ;C00FRð
S
i2IAiÞ ¼
S
i2IC
00
FRðAiÞ.
(5) For any A 2FðUÞ, C00FRðAÞ  A;A  C00FRðAÞ.
(6) For any A 2FðUÞ, C00FRðC00FRðAÞÞ  A;A  C00FRðC00FRðAÞÞ.
(7) For any x; y 2 U ; a 2 ½0; 1, C00FRð1xÞðyÞ ¼ C00FRð1yÞðxÞ;C00FRð1x)IbaÞðyÞ ¼ C00FRð1y)Ia^ÞðxÞ. (where for
A;B 2FðUÞ, A)IB is a fuzzy set on U with ðA)IBÞðxÞ ¼ IðAðxÞ;BðxÞÞ 8x 2 U .)
Proof. (1) C00FRðUÞ ¼ U and C00FRð;Þ ¼ ; follow from [35, Theorems 4.3 (FL4) and 4.1 (FH4)]. C00FRð;Þ ¼ ; and
C00FRðUÞ ¼ U follows from (5).
(2) It follows from (5), Theorem 4.5, and [35, Theorems 4.3 (FL3) and 4.1 (FH3)].
(3) It follows from Theorem 4.5, and [35, Theorems 4.3 (FL7) and 4.1 (FH7)].
(4) It follows from Theorem 4.5, and [35, Theorems 4.3 (FL2) and 4.1 (FH2)].
(5) It follows from Theorem 4.5, and [35, Theorems 4.6 and 4.2 (2)].
(6) For any A 2FðUÞ; x 2 U ,C00FRðC00FRðAÞÞðxÞ ¼
_
C2C
T CðxÞ;
_
y2U
T CðyÞ;
^
C02C
I C0ðyÞ;
^
z2U
IðC0ðzÞ;AðzÞÞ
 ! ! !
6
_
C2C
T CðxÞ;
_
y2U
TðCðyÞ;IðCðyÞ;IðCðxÞ;AðxÞÞÞÞ
 !
6
_
C2C
TðCðxÞ;IðCðxÞ;AðxÞÞÞ
6 AðxÞ ðby Lemma 2:1 ð2ÞÞ:
Thus, C00FRðC00FRðAÞÞ  A for all A 2FðUÞ. The other relation can likewise be proved.
(7) It follows from Theorem 4.5, and [35, Theorems 4.2 (3) and 4.7]. h
Remark 4.5. It can be known from [38, Theorem 14] that if I is not an R-implicator, then Theorem 4.6 (6)
may not holds.
With the operator C00FR, we can give another characterization of fuzzy T-partition on U.
Theorem 4.7. Let ðU ;CÞ be a generalized fuzzy approximation space. Then C is a fuzzyT-partition of U if and
only if fC00FRð1xÞ : x 2 Ug ¼ C.
Proof. ()) Assume that C is a fuzzyT-partition of U. Let DC ¼ fx 2 U : CðxÞ ¼ 1g for every C 2 C. Since C
is a fuzzyT-partition, fDC : C 2 Cg is a crisp partition of U. For every x 2 U , there exists exactly one Cx 2 C
such that CxðxÞ ¼ 1. We can assert that fC00FRð1xÞ ¼ Cx. Indeed, for any y 2 U and C 2 C there is exactly one
Cy 2 C such that CyðyÞ ¼ 1, and for any z 2 DC, CðxÞ ¼ CxðzÞ, CðyÞ ¼ CyðzÞ. Thus, TðCðxÞ;CðyÞÞ ¼W
z2DCTðCxðzÞ;CyðzÞÞ, and_ _ _
C00FRð1xÞðyÞ ¼
C2C
TðCðyÞ;CðxÞÞ ¼
C2C z2DC
TðCxðzÞ;CyðzÞÞ
¼
_
z2U
TðCxðzÞ;CyðzÞÞ ¼ CxðyÞ ¼ CyðxÞ:
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(() Suppose fC00FRð1xÞ : x 2 Ug ¼ C. Let Rðx; yÞ ¼ C00FRð1xÞðyÞ for all x; y 2 U . Then, R is a fuzzy relation
on U. According to [26], in order to prove that C is a fuzzy T-partition, it is suﬃcient to prove that R is a
fuzzy T-similarity relation on U.
The reﬂexivity of R follows from Rðx; xÞ ¼ WC2CTðCðxÞ;CðxÞÞ ¼ 1. For any x; y 2 U , Rðx; yÞ ¼W
C2CTðCðyÞ;CðxÞÞ ¼
W
C2CTðCðxÞ;CðyÞÞ ¼ Rðy; xÞ, which shows the symmetry of R. For the
T-transitivity of R, by the symmetry of R and the supposition, we have, for any x; y; z 2 U ,_
z2U
TðRðx; zÞ;Rðz; yÞÞ ¼
_
z2U
TðRðz; xÞ;Rðz; yÞÞ ðby the symmetry of RÞ
¼
_
z2U
TðfC00FRð1zðxÞÞ; fC00FRð1zÞðyÞÞ ðby the definition of RÞ
¼
_
C2C
TðCðxÞ;CðyÞÞ ðby the suppositionÞ
¼ Rðx; yÞ:
Hence, R is T-transitive. h
Remark 4.6. Deﬁnition of C00FR shows that it is independent of I. Thus the conclusion of Theorem 4.7 is free
of the limitation to I.4.3. Duality of the generalized fuzzy rough approximation operators
The duality between rough approximation operators is an important property in rough set theory. Usually,
the duality principle is employed to construct a dual pair of approximations.
If I is a S-implicator based on a t-norm T and an involutive negator N, i.e. for any a; b 2 ½0; 1,
Iða; bÞ ¼NðTða;NðbÞÞÞ, then C0FR and C0FR, as well as C00FR and C00FR are dual [31] in the senseC0FRðAÞ ¼ coNðC0FRðcoNðAÞÞÞ; C0FRðAÞ ¼ coNðC0FRðcoNðAÞÞÞ;
C00FRðAÞ ¼ coNðC00FRðcoNðAÞÞÞ; C00FRðAÞ ¼ coNðC00FRðcoNðAÞÞÞ:On the other hand, if I is a R-implicator based on a continuous t-normT andN is a negator induced by
I, then C0FR and C
0
FR, as well as C
00
FR and C
00
FR are T-semidual [33], i.e.C0FRðAÞ  coNðC0FRðcoNðAÞÞÞ; C0FRðAÞ  coNðC0FRðcoNðAÞÞÞ;
C00FRðAÞ  coNðC00FRðcoNðAÞÞÞ; C00FRðAÞ  coNðC00FRðcoNðAÞÞÞ;and a weak dual, i.e.coNðC0FRðAÞÞ ¼ C0FRðcoNðAÞÞ; coNðC0FRðAÞÞ ¼ C0FRðcoNðAÞÞ;
coNðC00FRðAÞÞ ¼ C00FRðcoNðAÞÞ; coNðC00FRðAÞÞ ¼ C00FRðcoNðAÞÞ:5. Comparison of fuzzy rough approximation operators
We compare in this section the fuzzy-neighborhood-oriented fuzzy rough approximation operators and the
fuzzy-neighborhood-operator-oriented fuzzy rough approximation operators. A conclusion for generalized
fuzzy rough approximation operators based on fuzzy covering is obtained.
Theorem 5.1. Let ðU ;CÞ be a generalized fuzzy approximation space. If C is a strong fuzzy covering of U, then
for any A 2FðUÞ,C00FRðAÞ  C0FRðAÞ  A  C0FRðAÞ  C00FRðAÞ:
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^
C2C
I CðxÞ;
^
y2U
IðCðyÞ;AðyÞÞ
 !
6 IðCxðxÞ;
^
y2U
IðCxðyÞ;AðyÞÞÞ ¼
^
y2U
IðCxðyÞ;AðyÞÞ;
C0FRðAÞðxÞ ¼
_
C2C
T CðxÞ;
^
y2U
IðCðyÞ;AðyÞÞ
 !
PTðCxðxÞ;
^
y2U
IðCxðyÞ;AðyÞÞÞ ¼
^
y2U
IðCxðyÞ;AðyÞÞ:Thus, C00FRðAÞ  C0FRðAÞ for all A 2FðUÞ. We can analogously obtain C0FRðAÞ  C00FRðAÞ for all A 2FðUÞ. By
Theorem 4.1 (5), we can conclude thatC00FRðAÞ  C0FRðAÞ  A  C0FRðAÞ  C00FRðAÞ; 8A 2FðUÞ: Theorem 5.2. Let R 2FðU  UÞ be reflexive. ThenCR
00ðAÞ  RðAÞ  CR0ðAÞ  A  CR0ðAÞ  RðAÞ  CR 00ðAÞ; 8A 2FðUÞ:Proof. 8A 2FðUÞ; x 2 U ,CR
00ðAÞðxÞ ¼
^
y2U
I Rðy; xÞ;
^
z2U
IðRðy; zÞ;AðzÞÞ
 !
6 I Rðx; xÞ;
^
z2U
IðRðx; zÞ;AðzÞÞ
 !
¼
^
z2U
IðRðx; zÞ;AðzÞÞ ¼ RðAÞðxÞ:
CR
0ðAÞðxÞ ¼
_
y2U
T Rðy; xÞ;
^
z2U
IðRðy; zÞ;AðzÞÞ
 !
PT Rðx; xÞ;
^
z2U
IðRðx; zÞ;AðzÞÞ
 !
¼
^
z2U
IðRðx; zÞ;AðzÞÞ ¼ RðAÞðxÞ:Thus CR
00ðAÞ  RðAÞ  CR 0ðAÞ for all A 2FðUÞ. Similarly, we can getCR
0ðAÞ  RðAÞ  CR00ðAÞ; 8A 2FðUÞ:From Theorem 4.1 (5), we can conclude thatCR
00ðAÞ  RðAÞ  CR0ðAÞ  A  CR0ðAÞ  RðAÞ  CR 00ðAÞ; 8A 2FðUÞ: Remark 5.1. From Theorem 5.2, we can observe that among the three pairs of fuzzy rough approximation
operators, CR
0 and CR0 is the tightest, and CR00 and CR00 is the loosest. Furthermore, the following theorems
show that under some special conditions, some or all of them are equivalent.
Theorem 5.3. If R 2FðU  UÞ is symmetric and T-transitive, then CR00 ¼ R and CR00 ¼ R.
Proof. 8A 2FðUÞ; x 2 U ,CR
00ðAÞðxÞ ¼
^
y2U
I Rðy; xÞ;
^
z2U
IðRðy; zÞ;AðzÞÞ
 !
¼
^
y2U
^
z2U
IðRðy; xÞ;IðRðy; zÞ;AðzÞÞÞ
¼
^
z2U
^
y2U
IðRðy; xÞ;IðRðy; zÞ;AðzÞÞÞ ¼
^
z2U
I
_
y2U
TðRðy; xÞ;Rðy; zÞÞ;AðzÞ
 !
¼
^
z2U
I
_
y2U
TðRðx; yÞ;Rðy; zÞÞ;AðzÞ
 !
¼
^
z2U
IðRðx; zÞ;AðzÞÞ ¼ RðAÞðxÞ:
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00ðAÞ ¼ RðAÞ for all A 2FðUÞ, i.e. CR00 ¼ R.CR
00ðAÞðxÞ ¼
_
y2U
T Rðy; xÞ;
_
z2U
TðRðy; zÞ;AðzÞÞ
 !
¼
_
y2U
_
z2U
TðRðy; xÞ;TðRðy; zÞ;AðzÞÞÞ
¼
_
z2U
_
y2U
TðRðy; xÞ;TðRðy; zÞ;AðzÞÞÞ ¼
_
z2U
T
_
y2U
TðRðy; xÞ;Rðy; zÞÞ;AðzÞ
 !
¼
_
z2U
T
_
y2U
TðRðx; yÞ;Rðy; zÞÞ;AðzÞ
 !
¼
_
z2U
TðRðx; zÞ;AðzÞÞ ¼ RðAÞðxÞ:Hence, CR
00ðAÞ ¼ RðAÞ for all A 2FðUÞ, i.e. CR00 ¼ R. h
Lemma 5.4. The following statements are equivalent:
(1) R is symmetric.
(2) Rð1xÞðyÞ ¼ Rð1yÞðxÞ; 8x; y 2 U .
(3) Rð1UfxgÞðyÞ ¼ Rð1UfygÞðxÞ; 8x; y 2 U .
Proof. It directly follows from [35, Theorems 4.2 (3), and 4.7], Lemma 2.1 (3) and (4).
Theorem 5.30. If CR 00 ¼ R or CR 00 ¼ R, then R is symmetric and T-transitive.
Proof. Assume that CR
00ðAÞ ¼ RðAÞ for all A 2FðUÞ. For all x; y 2 U ,Rð1xÞðyÞ ¼ CR00ð1xÞðyÞ ¼
_
x02U
T Rðx0; yÞ;
_
z2U
TðRðx0; zÞ; 1xðzÞÞ
 !
¼
_
x02U
TðRðx0; yÞ;Rðx0; xÞÞ
¼
_
x02U
TðRðx0; xÞ;Rðx0; yÞÞ ¼
_
x02U
T Rðx0; xÞ;
_
z2U
TðRðx0; zÞ; 1yðzÞÞ
 !
¼ Rð1yÞðxÞ:By Lemma 5.4, R is symmetric.
From the proof above, and by the symmetry of R, we haveRðx; yÞ ¼ Rð1yÞðxÞ ¼
_
x02U
TðRðx0; xÞ;Rðx0; yÞÞ ¼
_
x02U
TðRðx; x0Þ;Rðx0; yÞÞ:Hence, R is T-transitive.
Suppose that CR
00ðAÞ ¼ RðAÞ for all A 2FðUÞ. 8x; y 2 U ,Rð1UfxgÞðyÞ ¼ CR00ð1UfxgÞðyÞ ¼
^
x02U
I Rðx0; yÞ;
^
z2U
IðRðx0; zÞ; 1UfxgðzÞÞ
 !
¼
^
x02U
IðRðx0; yÞ;IðRðx0; xÞ; 0ÞÞ ¼
^
x02U
IðTðRðx0; yÞ;Rðx0; xÞÞ; 0Þ
¼
^
x02U
IðRðx0; xÞ;IðRðx0; yÞ; 0ÞÞ ¼ CR 00ð1UfygÞðxÞ ¼ Rð1UfygÞðxÞ:By Lemma 5.4, we can show that R is symmetric.
For any x; y 2 U ; a 2 ½0; 1, by the deﬁnition of R and CR00, and the symmetry of R, we have,IðRðx; yÞ; aÞ ¼ Rða^ [ 1UfygÞðxÞ ¼ CR00ða^ [ 1UfygÞðxÞ ¼ I
_
x02U
TðRðx0; xÞ;Rðx0; yÞÞ; a
 !
:
852 T.-J. Li et al. / Internat. J. Approx. Reason. 48 (2008) 836–856From Lemma 2.1 (3) and [35, Remark 4.3], we get, Rðx; yÞ ¼ Wx02UTðRðx0; xÞ;Rðx0; yÞÞ, i.e. R is
T-transitive. h
Remark 5.2. Theorems 5.3 and 5.30 show that CR00 ¼ R or CR00 ¼ R are equivalent to R being symmetric and
T-transitive.
Theorem 5.5. If R 2FðU  UÞ is a fuzzy T-preordering, then CR 0 ¼ R and CR0 ¼ R.
Proof. By Theorem 5.2, we have RðAÞ  CR0ðAÞ and CR 0ðAÞ  RðAÞ for all fuzzy set A in U. It should be noted
that for every A 2FðUÞ and x; y 2 U ,RðAÞðyÞ ¼
^
z2U
IðRðy; zÞ;AðzÞÞ
6
^
z2U
IðTðRðy; xÞ;Rðx; zÞÞ;AðzÞÞ ðby the T-transitivity of RÞ
¼
^
z2U
IðRðy; xÞ;IðRðx; zÞ;AðzÞÞÞ ðby Lemma 2:1 ð5ÞÞ
¼ I Rðy; xÞ;
^
z2U
IðRðx; zÞ;AðzÞÞ
 !
ðby Lemma 2:1 ð9ÞÞ
¼ IðRðy; xÞ;RðAÞðxÞÞ;
CR
0ðAÞðxÞ ¼
_
y2U
TðRðy; xÞ;RðAÞðyÞÞ 6
_
y2U
TðRðy; xÞ;IðRðy; xÞ;RðAÞðxÞÞÞ
6 RðAÞðxÞ ðby Lemma 2:1 ð2ÞÞ:
Thus, CR
0ðAÞ  RðAÞ. Moreover, from Theorem 5.2, we can conclude that CR0ðAÞ ¼ RðAÞ for all A 2FðUÞ.
On the other hand, A 2FðUÞ; x; y 2 U ,RðAÞðyÞ ¼
_
z2U
TðRðy; zÞ;AðzÞÞP
_
z2U
TðTðRðy; xÞ;Rðx; zÞÞ;AðzÞÞ ðby the T-transitivity of RÞ
¼
_
z2U
TðRðy; xÞ;TðRðx; zÞ;AðzÞÞÞ ¼T Rðy; xÞ;
_
z2U
TðRðx; zÞ;AðzÞÞ
 !
ðby Lemma 2:1 ð8ÞÞ
¼TðRðy; xÞ;RðAÞðxÞÞ;
CR
0ðAÞðxÞ ¼
^
y2U
IðRðy; xÞ;RðAÞðyÞÞP
^
y2U
IðRðy; xÞ;TðRðy; xÞ;RðAÞðxÞÞÞ
P
^
y2U
RðAÞðxÞ ðby Lemma 2:1 ð2ÞÞ ¼ RðAÞðxÞ:Thus, RðAÞ  CR 0ðAÞ. From Theorem 5.2, we have CR0ðAÞ ¼ RðAÞ for all A 2FðUÞ. h
Theorem 5.50. If CR0 ¼ R or CR0 ¼ R, then R is a fuzzy T-preordering.
Proof. Assume that CR
0ðAÞ ¼ RðAÞ for all A 2FðUÞ. From the proof of Theorem 4.1 (5), we also obtain
CR
0ðAÞ  A for any A 2FðUÞ. So, RðAÞ  A; 8A 2FðUÞ. According to [35, Theorem 4.6], Lemma 2.1 (3)
and (4), we know that R is reﬂexive.
Assume that R is not transitive, i.e. there are x0; y0; z0 2 U such that TðRðx0; y0Þ;Rðy0; z0ÞÞ > Rðx0; z0Þ. Let
A ¼ x0R, i.e. the R-afterset of x0 for R. Then, ðx0RÞðyÞ ¼ Rðx0; yÞ8y 2 U . It should be noted thatCR
0ðAÞðy0Þ ¼
_
x2U
T Rðx; y0Þ;
^
z2U
IðRðx; zÞ;Rðx0; zÞÞ
 !
PT Rðx0; y0Þ;
^
z2U
IðRðx0; zÞ;Rðx0; zÞÞ
 !
¼TðRðx0; y0Þ; 1Þ ¼ Rðx0; y0Þ:
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^
z2U
IðRðy0; zÞ;Rðx0; zÞÞ
 !
6 IðRðx0; y0Þ;IðRðy0; z0Þ;Rðx0; z0ÞÞÞ
¼ IðTðRðx0; y0Þ;Rðy0; z0ÞÞ;Rðx0; z0ÞÞ < 1:
Hence, CR
0ðAÞðy0Þ > RðAÞðy0Þ. Furthermore, CR0ðAÞ 6¼ RðAÞ, a contradiction! Hence, R is transitive.
On the other hand, suppose that CR
0ðAÞ ¼ RðAÞ for all A 2FðUÞ. For every x 2 U ,
Rð1xÞðxÞ ¼
_
y2U
TðRðx; yÞ; 1xðyÞÞ ¼ Rðx; xÞ;
CR
0ð1xÞðxÞ ¼
^
y2U
I Rðy; xÞ;
_
z2U
ðRðy; zÞ; 1xðzÞÞ
 !
¼
^
y2U
IðRðy; xÞ;Rðy; xÞÞ ¼ 1:Thus, Rðx; xÞ ¼ 1; 8x 2 U . That is, R is reﬂexive.
For the T-transitivity of R, for any z; y 2 U ,Rð1yÞðzÞ ¼
_
x2U
TðRðz; xÞ; 1yðxÞÞ ¼ Rðz; yÞ;
CR
0ð1yÞðzÞ ¼
^
x2U
I Rðx; zÞ;
_
x02U
TðRðx; x0Þ; 1yðx0ÞÞ
 !
¼
^
x2U
IðRðx; zÞ;Rðx; yÞÞ:Thus^
x2U
IðRðx; zÞ;Rðx; yÞÞ ¼ Rðz; yÞ:That is, for any x 2 U , Rðz; yÞ 6 IðRðx; zÞ;Rðx; yÞÞ, which is equivalent toTðRðx; zÞ;Rðz; yÞÞ 6 Rðx; yÞ. There-
fore, R is T-transitive. h
Remark 5.3. Theorems 5.5 and 5.50 indicate that CR0 ¼ R or CR0 ¼ R are equivalent to R being a fuzzy
T-preordering.
Theorem 5.6. If R is a fuzzy T-similarity relation on U, then CR
0 ¼ CR00 and CR 0 ¼ CR00.
Proof. It follows from Theorems 5.3 and 5.5. h
Theorem 5.60. If CR 0 ¼ CR00 or CR0 ¼ CR 00, then R is a fuzzy T-similarity relation on U.
Proof. It follows from Theorems 5.30 and 5.50. h
Remark 5.4. Theorems 5.6 and 5.60 show that CR0 ¼ CR00 or CR0 ¼ CR00 are equivalent to R being a fuzzy
T-similarity relation. That is to say, when R is a fuzzy T-similarity relation on U, two pairs of generalized
fuzzy rough approximation operators deﬁned by Eqs. (13)–(16) are identical, and they coincide with the fuzzy
rough approximation operators deﬁned by Morsi and Yakout [26]. More generally, we have the following
theorems.
Theorem 5.7. If C is a fuzzy T-partition of U, then C0FR ¼ C00FR, C0FR ¼ C00FR.
Proof. It directly follows from Theorem 5.6 and the one to one correspondence between fuzzy T-similarity
relations and fuzzy T-partitions. h
Theorem 5.8. If C is a normalized strong fuzzy covering of U, and C0FR ¼ C00FR or C0FR ¼ C00FR, then C is a fuzzy
T-partition of U.
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Furthermore, from C being a strong fuzzy covering, we know fxC : C 2 Cg ¼ U . Similarly, as C is a strong
fuzzy covering, for any x 2 U , there exists C 2 C such that CðxÞ ¼ 1. We denote such C by Cx. Although
for a x 2 U , there may generally be many Cx. We prove later that under the condition of the theorem, there
is only one such Cx.
For any x; y 2 U , By Eq. (20), RCðx; yÞPTðCxðxÞ;CxðyÞÞ ¼Tð1;CxðyÞÞ ¼ CxðyÞ, i.e. RCðx; yÞP CxðyÞ.
Assume that C0FR ¼ C00FR. By Eqs. (14) and (16), RCðx; yÞ ¼ CR00ð1yÞðxÞ ¼ CR0ð1yÞðxÞ ¼
V
C2CIðCðxÞ;CðyÞÞ.
Thus, RCðx; yÞ 6 IðCxðxÞ;CxðyÞÞ ¼ Ið1;CxðyÞÞ ¼ CxðyÞ, i.e. RCðx; yÞ 6 CxðyÞ. Noticing RCðx; yÞP CxðyÞ, we
have RCðx; yÞ ¼ CxðyÞ.
Suppose that C0FR ¼ C00FR. By Eqs. (13) and (15), for any a 2 ½0; 1, we have IðRCðx; yÞ; aÞ ¼
CR
00ða^ [ 1UfxgÞ ¼ CR0ða^ [ 1UfxgÞ ¼
W
C2CTðCðxÞ;IðCðyÞ; aÞÞ. Thus,
IðRCðx; yÞ; aÞPTðCxðxÞ;IðCxðyÞ; aÞÞ ¼Tð1;IðCxðyÞ; aÞÞ ¼ IðCxðyÞ; aÞ:In terms of Lemma 2.1 (3) and [35, Lemma 4.4], we have RCðx; yÞ 6 CxðyÞ. Also using RCðx; yÞP CxðyÞ, we get
RCðx; yÞ ¼ CxðyÞ.
The normalization of C implies that (p1) of Deﬁnition 2.4 is satisﬁed by C. For any x
 2 U , if there exist
C1;C2 2 C with C1ðx
Þ ¼ C2ðx
Þ ¼ 1, then for any x 2 U , C1ðxÞ ¼ RCðx
; xÞ ¼ C2ðxÞ, i.e. C1 ¼ C2. Thus, (P2)
of Deﬁnition 2.4 holds w.r.t. C. For any x; y 2 U , if CxðxÞ ¼ CyðyÞ ¼ 1, thenCxðyÞ ¼ RCðx; yÞ ¼ RCðy; xÞ ¼ CyðxÞ ¼
_
C2C
TðCðxÞ;CðyÞÞ ¼
_
C2C
TðRCðxC; xÞ;RCðxC; yÞÞ
¼
_
C2C
TðRCðx; xCÞ;RCðy; xCÞÞ ¼
_
C2C
TðCxðxCÞ;CyðxCÞÞ ¼
_
z2U
TðCxðzÞ;CyðzÞÞ:Thus, (P3) of Deﬁnition 2.4 is also satisﬁed by C. Summarizing the proof above, we can conclude that the
fuzzy covering C is a fuzzy T-partition of U. h
Remark 5.5. Theorems 5.7 and 5.8 show that if C is a normalized strong fuzzy covering of U, then C0FR ¼ C00FR
or C0FR ¼ C00FR are equivalent to C being a fuzzy T-partition of U.6. Concluding remarks
Generalizations of rough approximation operators based on fuzzy coverings have been made in this paper.
Two pairs of generalized fuzzy rough approximation operators have been directly deﬁned by a fuzzy covering
C, a triangular normT and a fuzzy implicatorI. They turn out to be the generalizations of the existing fuzzy-
covering-based fuzzy rough approximation operators. Basic properties of the new approximation operators
have then been examined in detail. Conditions under which the generalized TI-lower and IT-upper fuzzy
rough approximation operators are, respectively, the fuzzy interior (or quasi-interior) operator and fuzzy clo-
sure (or quasi-closure) operator have subsequently been speciﬁed. Characterization of the fuzzy T-partition
with respect to the two generalized upper fuzzy rough approximation operators have also been made. By com-
paring the fuzzy-neighborhood-oriented fuzzy rough approximation operators and the fuzzy-neighborhood-
operator-oriented fuzzy rough approximation operators, some or all of these approximation operators have
been shown to be equivalent under certain conditions. A suﬃcient and necessary condition for the equivalence
of two types of generalized fuzzy rough approximation operators is that the fuzzy covering C is a fuzzy
T-partition.
For further research, it is essential to ﬁnd out what properties the generalized fuzzy rough approximation
operators need to satisfy if the fuzzy covering C is a fuzzy topology, or conversely, what properties satisﬁed by
the approximation operators determine that the fuzzy covering C is just a fuzzy topology.Acknowledgement
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